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Based on the analytical technique the effect of the static magnetic field on the s-wave holographic 
superconductor with dark matter sector of 17(l)-gauge field type coupled to the Maxwell field has 
been examined. In the probe limit, we obtained the mean value of the condensation operator. The 
nature of the condensate in an external magnetic field as well as the behavior of the critical field 
close to the transition temperature has been revealed. The obtained upturn of the critical field 
curves as a function of temperature, both in four and five spacetime dimensions, is a fingerprint of 
the strong coupling approach. 
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I. INTRODUCTION 


The examination of holographic superconductors coupled to the electromagnetic and dark matter fields is of a great 
importance due to the fact that it provides a strong coupling view of the condensation phenomenon, as well as, it may 
reveal effects of dark matter on a condensing field which in turn could provide a clue to new methods of searching it. 
In this paper we shall use the AdS/CFT correspondence to study the effect of a static magnetic field on the s-wave 
superconductor when the matter fields will be described by the Abelian-Higgs sector coupled to Maxwell C/(I)-gauge 
field. The first studies of the backreacting s-wave holographic superconductor with dark matter sector, modelled by 
the aforementioned fields were conducted by some of the present authors in Ref.[H. 

The AdS/CFT correspondence 0 having its roots in string theory plays an essential role in examination of strongly 
correlated condensed matter systems. The correspondence in question binds string theory on asymptotically anti-de 
Sitter spacetime (AdS) to a conformal field theory on the boundary. This fact is crucial for obtaining correlation 
functions in a strongly interacting field theory using a dual classical gravity attitude Q. 

The successful implementations of this correspondence comprises the range from nuclear physics to condensed 
matter problems. The main advantage of using the string theory formalism for condensed matter problems stems 
from the fact that contrary to the bewildering complexity of the strong correlated systems, they can be treated as 
weakly coupled Q being subject to perturbation description. In this point of view, the temperature of the considered 
system is defined as the Hawking black hole temperature in the bulk. 

Among many attempts to attack strongly coupled quantum problems by the gravity dual description the famous 
prediction of the universal ratio of the shear viscosity to the volume density of entropy has to be mentioned 
This finding explained some results of heavy ion collisions at the Relativistic Heavy Ion Collider (RHIC) The 
applications of the approach to condensed matter problems is overwhelming. In spite of the mentioned construction 
of the holographic s-wave superconductor Q (for a recent review and updated references see 0) , there exist models 
of d-wave p-wave two-band superconductors m as well as examples of single band chiral superconducting 
states of spin singlet {d-\-id) 12| or triplet (px ± ipy) [I^- The Hall conductivity calculations for d-\-id state, seem 
to be in the apparent conflict 14j with the weak coupling results [l5l| . 

Other interestin g ap plications of the gauge-gravity duality to the condensed matter include the description of 
the strange metal [ig, the metal-insulator transition [13: the metal-superconductor phase transition [3; [I3l 
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calculations of the Hall and Nernst effects [l^, [2T|. Some holographic results may be of importance for the 
emerging branch of condensed matter physics called spintronics [23l |. whose main aim is to replace existing electronic 
devices utilizing charge of electrons by novel system using spins of carriers to manipulate information. 

Technically, the Abelian symmetry is broken outside AdS black hole and results in the formation of the holographic 
superconductor as a charged scalar condensation in the dual CFT theory [2^-[2^. The expectation value of charged 
operators undergoes the C7(l)-symmetry breaking and the second order phase transition comes into being 1^ 
below characteristic temperature Tc- Moreover, the backreaction causes that even uncharged scalar fields may form 
a condensation in (2 + l)-dimensions in the apparent contradiction to the celebrated Mermin-Wagner theorem 
[ 2 ^ . It was also revealed that in the case of p-wave holographic models the phase transition leading to the formation 
of vector hair, changed from the second order to the first one. This phenomenon depends on the strength of the 
gravitational coupling [^-[^. 

The details of the approach and the obtained results depend on the gravity background, the kind of the elec¬ 
tromagnetic theory and the symmetry of the condensing field. In particular, it turned out that in Gauss-Bonnet 
(GB) gravity the higher curvature corrections one considers the harder for the condensation to occur In the 

Einstein-Maxwell-dilaton gravity a generalized model built from the most extensive covariant gravity Lagrangian with 
at most two derivatives of fields [s^ was given . On the other hand, gravity theory including dilaton field was also 
investigated in the case of the potential models of superfluids and superconductors [d^. Horava-Lifshitz gravity [4l| 
and string/M theory [d^ were also paid attention to. 

Different kinds of electro-magnetic theories were studied in the context of holographic superconductivity (see for 
example [d^ and references therein). For instance, the presence of the Born-Infeld scale parameter decreases the 
critical temperature and the ratio of the gap frequency in conductivity compared to the Maxwell electrodynamics. In 
fact, due to holographic superconductivity studies [ddl| the non-linear electrodynamics has acquired much attention 
recently. On the other hand, analytical methods of investigations of the holographic superconductivity with or without 
a backreaction were examined in Refs. (d^ . 

The other subject especially interesting for us is the examination of magnetic field in the area of holographic 
superconductors. In the paper [d^ it was shown that by adding magnetic charge to a black hole the holographic 
superconductor could be immersed in the external magnetic field. On the other hand, when magnetic fields increase 
the condensation shrinks in size in accordance with experiments. It was also observed that there exists a critical value 
of magnetic field below which a charged condensate forms due to the second-order phase transition [d^- Studies in 
question also covered the topic of critical magnetic fields and Abrikosov vortices [d^. Analytical studies of magnetic 
field influence in the probe limit with the backreaction taken into account were conducted in GB gravity and in 
Born-Infeld, Weyl-corrected and non-linear electrodynamics [d^-[5^. It was revealed that the backreaction caused 
the depression of the critical temperature value and it could enhance the upper critical magnetic held. The non-linear 
parameter causes the decrease of the critical temperature and makes the condensation gap obtained within non-linear 
electrodynamics greater than with the ordinary Maxwell one. It was also announced that GB coupling and Born 
Infeld parameter affect the critical magnetic held. 

The other tantalizing question which naturally arises is a request about possible matter conhgurations in AdS 
spacetime. It happens that strictly stationary Einstein-Maxwell spacetime with negative cosmological constant does 
not allow for the existence of nontrivial conhgurations of complex scalar helds or form helds . The same situation 
takes place in the case of strictly stationary, simply connected Einstein-Maxwell-axion-dilaton spacetime with negative 
cosmological constant and arbitrary number of C/(I)-gauge helds [s^- 

The motivation for considering the dark matter sector comes from the astronomic observations and the quest for its 
detection. In the late nineties the surveys for distant supernovae type la revealed that the high-redshifted supernovae 
of this type appeared almost forty percent fainter (more distant) than expected [s^ . The other methods like analysis 
of cosmic microwave background [59l| or baryonic acoustic oscillations [60| conhrm that our Universe is hlled with the 
negative pressure matter triggering its acceleration. On the other hand, one has the strong evidence that almost 22 
percent of the total energy density of our Universe is in a form of a dark matter. We only have vague ideas what it 
is made of. The new model mimicking the dark matter sector was proposed (see, e.g., for the latest issues Refs. IH). 
in which the standard model was coupled to the dark sector via an interactive term. Moreover, the aforementioned 
model was elaborated in the context of cosmic string interacting with dark string 

The backreacting s-wave holographic superconductor with dark matter sector, where Maxwell field was coupled 
with Higgs field has been presented recently by two of the present authors [l|. The main result of that paper was 
lowering of the critical temperature of the superconductor with backreaction parameter for the positive values of the 
effective coupling a to the dark matter (a > 0) and the opposite behavior, called retrograde condensation, for the 
negative value of it. Present studies indicate that in order to have well defined dimensionless expectation value of the 
condensation operator, d should be limited to the positive values, which confines the value of the original coupling to 
be less than 2. It will be interesting to check if this behavior remains intact when the backreaction will be taken into 
account. 
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The magnetic fields encountered in the Universe span scales ranging from stars to galaxies and far beyond. It plays 
a key role in astrophysical and cosmological phenomena (see, e.g., Ref. [H). It is hoped that the knowledge of the 
detailed behavior of the holographic superconductor in the background with dark matter sector and in the presence 
of magnetic field might help not only to understand the behavior of strongly coupled superconductors but also in 
elucidating the nature of the dark field itself and proposing new methods of its detection. 

The paper is organized as follows. In Sec. II we derive basic equations of the underlying system. Sec. Ill will be 
devoted to studies of the dimensionless expectation value for the condensation operator. In Sec. IV we consider the 
influence of magnetic field on the holographic superconductor with dark matter sector, while Sec. V concludes our 
investigations. 


II. ACTION AND EQUATIONS OF MOTION 


The motivation standing behind our investigations is to take into account the model in which dark matter sector is 
coupled to the Standard Model. It has its roots in astrophysical observations of 5II keV gamma rays detected by In- 
teg: ral/SPI as well as the experiments showing the electron positron excess in galaxy, revealed by ATIC/PAMELA 
|66l l67l|. Depending on the conducted experiments their energies vary from a few GeV to a few TeV. These facts can 
be explained as annihilation of dark matter into electrons. Namely, it may happen that below the GeV-energy scale 
the interaction term in the model in question is in the form of a direct coupling between C/(I)-gauge strength field 
representing dark matter sector and Maxwell strength tensor. 

On the other hand, the other possible evidence revealing new physics is the 3.6cr discrepancy between measured 
value of the muon anomalous magnetic moment and its prediction in the Standard Model [68| . From the cosmological 
point of view, these kinds of dark matter models admitted cosmic string like solutions, topological defects which 
might arise in the early Universe [g^. Having all these facts in mind, it will be not amiss to search for the imprints of 
dark matter sector in holographic superconductor physics, which can be potentially observed in the future experiments. 

The gravitational part of the model action implies 

Sg = I V^d-x^(^R-2Ay ( 1 ) 

where = SttG^ is an n-dimensional gravitational constant. The cosmological constant will be given by A = 
— ^ where L is the radius of the AdS spacetime. Our aim is to study the s-wave superconductivity in the 

presence of magnetic field. To describe it a complex charged scalar field ^|J will be introduced into the matter action. 
Moreover, the Abelian-Higgs sector is coupled to the second C/(l)-gauge field. It is provided by the following action: 

Sm = - V{^) - , ( 2 ) 


where the scalar field potential satisfies V{ip) = = 2V[^Aj,] stands for the ordinary Maxwell 

field strength tensor, while the second I7(l)-gauge field is given by B^^ = 2V[^Hy]. Moreover, m, A^, q represent 
mass, a coupling constant and charge related to the scalar field ip, respectively. On the other hand, a is a coupling 
constant between U{1) fields. In order to be compatible with the current observations it should be on the order of 
10 - 3 . 

In order to proceed further one introduces a general line element provided by 


ds^ 


-f{r) df 


dr"^ 

f{r) 


+ r^hijdx'‘dx\ 


(3) 


where f is a function of r-coordinate, hij is the metric tensor on the (n — 2)-dimensional submanifold. In the case 
under consideration we take into account a planar Schwartzchild black hole, for which metric function /(r) yields 


f{r) 


L2 


L2rn 


1 


-3 ’ 


(4) 


Without loss of generality we put L = 1. We assume also that the considered gauge fields posses only the temporal 
components which also depend only on the radial coordinate r, i.e., At = (p{r), Bt = r]{r). 

Equations of motion for the underlying system (see Ref. i) for the explicit forms and derivations) can be rewritten 
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in a more convenient variable z = ^. They are given by the following set of differential equations: 


dl(t> 


dzV 





az^ f 


<^ = 0, 



dzip + 


(fp' 

Pz^ 


V' 


Cl 

-Q> 

^n—o 


^n—4 



4 1 dV{ip) 

dip 


~ 2 

where we introduce a = 1 — ^ and the integration constant ci. 


(5) 

( 6 ) 
(7) 


III. HOLOGRAPHIC SUPERCONDUCTOR WITH DARK MATTER SECTOR 


In the holographic approach to superconductivity one is interested in the temperature below which the scalar 
charged field ip condensates. Above the critical temperature the normal metal solution tp{z) = 0 is realized. The 
spontaneous symmetry breaking - hallmark of the superconductivity, occurs if a charged operator acquires non-zero 
vacuum expectation value. Charge operator is dual to the field ip and its expectation value is deduced @ from the 
behaviour of the scalar field near the boundary z —^ 0. This introductory section shows how the coupling constant 
between matter and dark matter sectors affects the superconducting temperature. In the next section which constitutes 
the main part of the paper, we study the influence of a on the critical magnetic field. 

Here, we shall apply matching method in order to obtain the quantities we are in search of. To commence with, 
one finds the leading order solutions near the black hole event horizon and in the asymptotically AdS region. Then 
one matches them smoothly at the intermediate point Zm- We consider the range of z-coordinate from 1 > z > 0 and 

1 ^ Zjji > 0 . 

To begin with one specihes the boundary conditions, i.e., in the asymptotically AdS region where z —0 the solutions 
are provided 

= ( 8 ) 

xP = C-z^-+C+z^+, (9) 

and the regularity conditions at the black hole event horizon, z = I, are given by 


m = 0, 

dzf dzip = r\. 


( 10 ) 

( 11 ) 


In the above relations C± are expectation values of the operators we are looking for and A± = i[n — I ± 
pin — 1)2 -I- dm^]. 

Next, expanding (p and ip functions in the Taylor series near z = 1 and using equations of motion near the 
aforementioned point, one can readily find that the relations describing (p and ip yield 


Pz) = -dz'p\z=i{l - z) + ^ - 4) +dz(p\z=iil - zf + ..., 


ip{z) = ip{l)-r\-^ - 'ip{l){l-z) + 


■ dzf\z=i 


-b 


2 2 (^. 2 ' 5 ^| 2=1 ) 

-r+q 


{.dzf\z=iY dzf\z=i 


m^[n —8 — 


dzf\z=^ 


{dlf\z=i - P+rrP)] \ ip{l){l - z) 


( 12 ) 


(13) 


In order to match these sets of asymptotic solutions at the intermediate point z^, one should satisfy the following 
conditions for functions and their derivatives. The system of the equations in question imply 


C+zt^ = -lp{l) - r\P^lP{l){l - Zm) + 


2 2 
-r^q 


+ /'(!) 
^'(1)2 


+ niP\n — » — 


/'(l)^ /'(I) 


- 8 - (/''(I) - ^/:(1)(1 - Zmp 


(14) 
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A+C+z^ 


m 

rw 


V'(i) + 


2 2^ (1)^ 2 


1^1 - 8 - -p^ (/”(1) - i V'(l)(l - Sm), (15) 


n _z"-3 

n-3 •^rn 

-(„-3)^zr‘ 

' + 


1 


2r^q^ 


= -4' (1)(1 - 2m) + 2 |(« - 4) + I 4 (1)(1 - 2m) , 

= <^'(1)- |(n - 4) + V^(l)^| </’'(!)(4 - 2m), 


(16) 

(17) 


where for brevity we used a prime to denote differentiation with respect to z-coordinate. By virtue of the above 
system of differential equations we are looking for the quantities of our interest, i.e., V'(l)) ip (1). As far 

as the other parameters appearing in the above relations are concerned, one exchanges r+ and p for the black hole 
temperature and the critical temperature, respectively and assumes that the rest of them are specified by the theory 
at hand. First, from relation (El we find that V^(l) is given by the following equation 


4{ir = - 


1 - (1 - Zm)in - 4) 
2q'^{l-Zm) 


({n-l) + -^{n-3)pz, 


,_4 a(n-i) 

" 2q^l-z^)P’ 


(18) 


/ 

where we set /3 = — . Consequently, having in mind that / (1) = —r^{n — 1) as well as the definition of Hawking 


temperature of the black hole Tbh = ^(ji — 1), the above equation yields 


V'(I)^ = 


i(n - 1)[1 - (1 - Zm){n - 4)] / 


2g2(l - Zm) 

where the critical temperature implies the relation 


T, 


BH 


n—2 




n—2 


Tr = 


n — 1 
47r 


(n - 3)z, 


n—4 


[1 - (1 - Zm){n - 4)]/3 


pr 


Returning to the equations (iMl) and dm, we find that C+ and P are provided by 
= ... ’ 


2 _ 2A+(n - l)[2(n - 1) + TO^(1 - Zm)] 2 2(’^ - 1)(2 - 2 m) + m^(l - z^) 


q^{l - Zm)(A+(l - Zm) + 2Zm) 


g2(l - Zm) 


c+ = 


~[m^(l - Zm) + 2(rt - 1)] 
A+(n — 1)(1 — Zm + ^~) 


V’(l). 


To proceed further, we recall that an asymptotic behavior of the scalar field may be cast in the form as 

<o+> <o+> 


4 


= C+z" 


(19) 

( 20 ) 

( 21 ) 

( 22 ) 

(23) 


Having in mind the above relation and using the definition of the black hole temperature, it can be found that the 
expectation value of the condensation operator is provided by 


< 0+ >= 


47r 

n — 1 


^BH 


(24) 


while the dimensionless expectation value yields 


< 0+ > 

T^+ 


An 

n — 1 


‘[771^(1 - Zm) + 2(n - 1)] a{n - 1)[1 - (1 - Zm)(n - 4)] 


A+(n — 1)(1 — Zm + -^) 


2g2(l _ Zm) 


i^) 


A + -i 




(25) 


It can be readily found, that near the critical temperature, Tbh/Tc —>■ 1, the expectation value of the operator in 
question is of the standard form < 0+ y^l — This behaviour is a typical mean field theory result describing 

a second order phase transition. The prefactor, however, depends on the coupling constant d in a non-analytic way. 
This fact limits the bare coupling values to 0 < a < 2. 
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IV. MAGNETIC FIELD EFFECT ON DARK MATTER SECTOR HOLOGRAPHIC 

SUPERCONDUCTOR 

Because of the fact that in the dark matter model one has to do with two {7(l)-gauge helds, we may introduce the 
magnetic field in twofold way. Namely it can be supposed that A = (p dt + B x dy ot B = rj dt + B x dy. Since 
the scalar field is uncharged with respect to the held, the hrst method of introducing magnetic held reduces our 
investigations to only one gauge held. Far more interesting situation one gets when we allow magnetic part of the 
held to be induced by the kinetic mixing with the B^. This correspond to the second of the aforementioned methods. 

The effect of the magnetic held will be examined by applying the same procedure as in the preceding section. 
Namely, we shall hnd the asymptotic value of the scalar held close to the boundary, but now in the presence of the 
magnetic held. To begin with we solve the equation for the Ay component. Further, assuming that this component 
depends only on x coordinate we obtain 


r-^dAd^By + -d,Ay\ = 0 . 


Consequently, for By = B x, the solution implies the following behavior of Ay 

2 

= — {cq- B) x + Cl, 
a 

where cq and ci are integration constants. Consider now the relation describing the scalar held tp 




n — 2 drf 


f 




1 


f ^ P 


J^2 


+ -+-TV {-{cq - B)x + Cl) Ip] =0. 


(26) 


(27) 


(28) 


In order to solve the above equation (l28l) . we set ip in the separable form as F(r)X{x). It enables us to hnd that X 
is subject to the relation 


dlX - (_(co - B)x + Ci)‘^X = -l^X, 


(29) 


where P is a separation constant. We will be interested in the solution that is regular everywhere and decays as the 
X tends to ±oo. The above equation can be cast in the form 


Y 




(30) 


where ' means the derivative with respect to y-coordinate. The solutions of this equation with the aforementioned 
boundary condition are parabolic cylinder functions D{iy; y). By virtue of the substitution y = 2 —x — 

we may rewrite our equation for X as 


d^ 


X 


1 aP 


dy"^'' ' \^q{B-co) 4 

ows us to identif 

eration the explicit solution of X is given by the D{v]x) function as 


-\y^]X = Q. 


(31) 


Comparison of the above relation with (1501) allows us to identify v as, v = In fh® case under consid- 


X = iD 


—2Bq + 2cDq + Pa 2.^ x\JB — Cq Ciy/aq 


Aq{B - Cq) ' \fot Pb - Cq, 

where c is an integration constant. Moreover, demanding that v = 2fc, where fc = 0,1, 2,..., we hnd 

2Bq 


P = (4/c + l)- 


a 


(32) 


(33) 


where we have dehned B = B — cq. For this particular form of the separation constant, our solution reduces to the 
product of the Gaussian function and the Hermite polynomial (the so-called modihed Hermite polynomial). It is 
everywhere regular, possesses k nodes and decays as the argument goes to ±oo. 
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Consequently using the above relation we arrive at the expression 


d^F + 


n — 2 , 




1 


1 


drF + -^F + - drfdrF - m^F - ^(4/c + 1) 


2Bq 


r P ^ ' f 

In the next step, we change variable for ^-coordinates. It yields 

„2^2 


= 0 . 


diF- 


n — 4 


d^F- 




1 




2Bq 


F+^( z'^dJd^F - rXm^F - z\^k + 1) —-F = 0 


a 


(34) 


(35) 


The approximate solution of the above equation can be achieved by the matching method proposed in Ref. [33j , using 
approximations of the solutions by truncated series. Namely, having in mind the regularity condition in z = 1, we 
obtain the following: 


z^dJd.F - rPrlF - z^{Ak + 1 ) 


2Bq 


F 


= 0 . 


J |z=l 


Then, it can be readily shown that 

(a,F),=i = 


m^riF(l) -I- (4fc -|- l)^^F(l) 
a 


{dzf)\z=i . 

Evaluating the equation of motion for scalar field at z = 1, one gets the relation 


(36) 


(37) 


2(a2F),.i = F(l) - 


n — 4 


{n — ‘2) F 


n — 1 

1 


rp + (4fc -I- 1) 


2Bq 


r^aj 


n — 1 


rP + (4fc -I-1) 


2Bq 


n — 1 
{n-iy 


rP + {Ak + 1) 


(9z<(>)|z=] 


2Bq 


rXa 


+ 


-1 
n — 1 


+ {Ak -I-1) 


2Bq 


ria 


r+ 


2m^ 
n — 1 


(38) 


where we have used Eg. (1571) to eliminate {dzF)^z=i and set 

{dzf)\z=i = -rpn - 1), {dlf)\z=i = p {n - 1)(6 - n). 

Near z = 1, the Taylor expansion of F{z) provides us the relation 

F(z) = E(l) - (1 - z)(9,F)p=i + 1(1 - zfid^Fp^, + .... 

Next, matching this series solution to the asymptotic solution at some intermediate point, one arrives at 


D+Zm* — — Zm)A+ -{I — Zm) 


A^-~ 


A^-c 


A+74+z^+-i = E(l) -yl--(l-z„) 


where for convenience we introduce the quantities 


A = 


n — 1 


rP -I- {Ak -)- 1) 


2qB 


2m^ 


n — 1 n — 1 


{dzP\z=-i 

r+ 


' + J 


|B/0 


(39) 

(40) 

(41) 

(42) 

(43) 


We remark that £>+ plays the analogous role as C+ in the zero magnetic field case. However, now we are interested 
in finding the critical magnetic field, which means that the behaviour of the condensate is fixed (the condensate is 









































almost vanishing, ■0^ ~ 0) and the only relevant quantity that one wants to find is B. As far as the equation @ for 
the electric component of gauge field is concerned, we may rewrite it (after discarding term) in the form 


= 0 . 


(44) 


On the other hand, the Taylor series solution enables us to find that 

(j){z) = -(a^(())|^^i(l - z) + i(l - 

where we have used fact that at the black hole event horizon one has that ^(1) = 0. 
Matching this with the asymptotic expression enables us to write 


(45) 


(5z0)|z=] 


(n — 3)z 


1—4 


r+ / iB^o 1 - (n - 4:){1 - Zm) rl 


(46) 


Consequently, having in mind that the charge density p can be expressed by the critical temperature at zero magnetic 
field Ea. (l20l) and using the definition of the black hole temperature, we arrive at 


{dz(t>)\z=-i 




rp \ 2(n—2) 


(47) 


where /3 is given by the equation (l2T|l . Let us remark, that the magnetic field introduces the additional dependence 

of /3 = — on the temperature. Namely, for Tbh = ?c the quantity in question reduces to (3 defined in the 

equation ([T8|. This agrees with the fact that at T = Tc, the critical magnetic field 5 = 0, which is in accordance 
with experiments. Inserting equation (l40l) into (Idlll and solving for A, one has that 


A = -- 




{ 1 - Z ^){1 + ^{ 1 - Z ^)) 


1 + 


T 




1 + 2 - 


(1 - Zni){l + ^(1 - Zm)) \c{l - Zm)(l + ^(1 - Zm) “ f^) 




(48) 


From the above relations we finally obtain the critical magnetic field strength we are looking for 


B = 


a(47r)^ 


2q{n — l){Ak + 1) 




BH 


n — 1 


- b 


1 + 


\ 




1 + 


o r, / \ 2(n—2) 

2m2 1 «2 / Tc W 

2A+^ 

n-1 ' (n-l) 2 b \Tbh ) 

Zm 


(i + 


(49) 


where we set b and b in the form as 


1 + T^(l ~ ^m) 


b = 


{1- Zm){l + ^{1- Zm))' 


6 = (1 - Zm) 


1 + 


(50) 


The expression for B contains an arbitrary sign in front of the square root. We choose it in such a way that B is 
always positive. This amounts to choosing ’ for all values of other parameters that we considered. 


V. RESULTS AND CONCLUSIONS 

In our considerations we used the midpoint method to obtain the expectation value of scalar operator which in 
turn represents the order parameter in s-wave holographic superconductor. In order to fix an arbitrary parameter 
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Zrm one takes into account the critical temperature found in Ref. (fl) by means of the Sturin-Liouville method and 
compares it with the formula (1201) . Of course, one ought to remember that the method in question is valid in the 
vicinity of the critical temperature. 

In Fig.® we plotted the dependence of the normalized expectation value of the condensation operator < 0+ > 
on The plot was obtained for n = 4-dimensional spacetime, for the matching point Zm = 0.344993, while the 

parameters of scalar field were set to be g = 1, m? = — 2, A+ = 2. The gauge field was characterized by fc = 0 and 
a = 0.5. On the other hand, in Fig.© we show the same dependence for five-dimensional spacetime with Zm = 0.5283 
and the scalar field parameters g = 1, vn? = —3, A+ = 3. The gauge field parameters are the same as in Fig.(IT|). One 
can observe that the qualitative nature of the graphs of the expectation value of the condensation operator remains 
the same for all values of Zm and spacetime dimensions. Namely, the normalized value of the condensation operator 

< 0+ > behaves near —>• 1 as < 0+ >~ \J^~ resembles the mean field behavior of the holographic 

condensates and confirms a second order kind of transitions, because the critical exponent is 1/2. Moreover, it turns 
out that the bigger spacetime dimension we consider, the greater value of the normalized expectation value of the 
operator in question we get, and the bigger value of the midpoint Zm one takes into account. 

In addition in the Figs. © and ([H we show the temperature dependence of the critical magnetic field B/T^? on 

Tbh/Tc, for the same parameters as for the condensation operator < 0_|. >. The tendency of the behavior of the 

critical magnetic field is the same as for the normalized values < O-f. >. Namely, the critical values grow with the 

growth of spacetime dimensions. However, the qualitative nature of the dependence is not the same, i.e., for Tbh ~ Tc 

the critical magnetic field behaves as H ~ 1 — The formula (1251) reveals that the coupling constant of the dark 

matter sector a acts as a scaling factor under the square root sign. Together with the expression for < 0+ > this 

2 

indicates that the dark mater sector coupling constant should fulfill the condition that 0<a<2, asd=l— ^ 
ought to be positive for this expression to make sense. 

As far as the other theories of gravity and other types of electrodynamics are concerned, considerations of GB- 
gravity and nonlinear electrodynamics reveal that the parameter characterizing non-linearity caused the decrease of 
the critical temperature and the condensation gap greater than in Maxwell case. The increase of GB coupling constant 
(characterizing the higher order curvature corrections) engenders decrease of Tc- On the other hand, the behavior of 
the normalized value of the condensation operator < 0+ > indicates the second order phase transition. The analysis 
of the critical magnetic field unveils that its value grows with the increase of non-linear electrodynamic parameter, 
GB-coupling constant and values of the mid-point coordinate 

Similar behavior has been observed in our studies. The increase of dark matter coupling constant, the dimension of 
the spacetime and the value of Zm causes the increase of the critical magnetic field. Gonsequently, the same parameters 
indicate growth of the normalized value of < 0+ >. In the light of the above studies, one can conclude that the 
effect of the dark matter sector on the holographic superconductors plays similar role as higher curvature corrections 
in GB-gravity and the non-linearity of the electrodynamics in question. 

Finally we comment on the dependence of B on Tbh/Tc as shown in the inserts to the Figs.(l) and (2). Glose to Tc 
the dependence is linear in agreement with the Ginzburg-Landau result Assuming the validity of the standard 
relation between the slope of the critical field {dB{T)/dT)Tc and the value of the upper critical field at zero 
temperature B{0) 

B{0) ^ om Tc , (51) 

we can evaluate zero temperature value of the upper critical field. However, the other behavior seen in the inserts is 
more interesting than that and it provides a marked fingerprint of the strong coupling approach. Namely, it is the 
upward curvature seen in the temperature dependence of B(T), especially well visible in the Fig. (2), making the value 
of zero temperature magnetic field higher than the estimate based on the above equation. The upward curvature, 
which is observed in many high temperature superconductors in the standard approach requires inter alia strong 
potential or spin-orbit scattering. 
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Tc 

FIG. 1: Normalized expectation value of operator < 0+ > and critical magnetic field as the functions of the dimensionless 
temperature. Spacetime dimension is n = 4 and matching point Zm = 0.344993. Remaining parameters of the scalar field are 
g = 1, m? = —2, A+ = 2. Gauge field parameters are fc = 0 and a — 0.5. The insert shows the behavior of the critical 
magnetic field close to Tc. 
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Tc 

FIG. 2: Normalized expectation value of operator < 0+ > and critical magnetic field as the functions of the dimensionless 
temperature. Spacetime dimension is n = 5 and matching point Zm = 0.5283. Remaining parameters of the scalar field are 
g = 1, m? = —3, A+ = 3. Gauge field parameters are fc = 0 and a — 0.5. The insert shows the behavior of the critical 
magnetic field close to Tc. 

















































